INTRODUCTION
The purpose of this note is to discuss some mixed finite element approximations of two model problems ; the Poisson équation and the biharmonic équation. For some problems of these types, mixed methods have been applied with considerably success.
Equations for which the Poisson équation can be taken as a prototype arise in some geophysical problems (cf. e.g. [7, 18] and the références therein) and problems in semiconductor physics [13] , and for these two applications very good results have been obtained with the mixed methods of the Raviart-Thomas-Nedelec (RTN) [14, 15] and Brezzi-Douglas-Marini (BDM) [2, 4] families.
The standard model problem for fourth order elliptic équations is the biharmonic équation which arise as the équation for the deflection of a thin elastic plate. The other main application of the biharmonie problem is the stream function formulation of Stokes and Navier-Stokes équations. For the approximate solution of the biharmonie équation some mixed methods were among the very flrst sueeessful fini te element methods introduced [10, 11] .
In some recent papers F. Brezzi and co-workers [1, 4] discussed some mixed methods for the afore-mentioned problems. They considered a technique of implementing the methods where Lagrange multipliers are utilized in order to impose interelement continuity of some of the variables. The advantage of this technique is that by using local condensation techniques the final linear System to be solved is positive definite. In addition, they showed that this new Lagrange multiplier can be exploited in some postprocessing methods for producing better approximations for some of the original variables.
In [6] a similar postprocessing method for the Hellan-Herrmann-Johnson (HHJ) fanüly [10, 11, 12] for approximating the biharmonie équation was developed.
In this paper we will first introducé an alternative to the postprocessing methods of [1, 4] for the BDM family. Then we will develop an analog postprocessing procedure for the HHJ methods. Our postprocessing approach is rather gênerai (and natural) ; it can be used for all methods in the RTN, BDM and HHJ families. In addition, it does not require that the methods have been implemented by the Lagrange multiplier technique of [1] . In [17] we introduced the corresponding postprocessing scheme for some mixed methods for the linear elasticity problem.
Our exposition will be rather brief, since most of the estimâtes we will need for our analysis are found in [2, 3, 4, 8] . Our notation will be the established one. cf. [5] . For the spécifie mixed methods we will mainly use the same notation as in [2, 3, 4, 8] ,
SECOND ORDER EIXÏPTIC PROBLEMS
Consider as the model problem the Poisson équation with non-homogeneous Dirichlet boundary conditions :
where ft is a bounded domain in R^, N = 2, 3, which for simplicity is assumed to have a polygonal or polyhedral boundary F.
For the mixed approximation the équation is first written as an elliptic system : 9 veV, and then the finite element method
Above we have used the notation
JT n stands for the unit outward normal to F.
For clarity of exposition we will perform our analysis for the triangular or tetrahedral BDM family. The extension to the other mixed methods of [2, 4, 14, 15] is trivial. Hence, we let 'ü h be a regular partitioning of Ù into closed triangles or tetrahedrons and deflne the finite element spaces as [2, 4] H" = {peH| p| r G [P k (T) For the finite element spaces at hand the operator P h clearly cointides with the L 2 -projection from V onto V h . Let us also remark that the analysis can be performed without the explicit construction of the operator IV h . Ttns is easily seen from the following line of arguments consider, for a given index k, the pair (H^, V^) as defmed in (2 5 [14, 15] . Now, it is well known that the pair (H A , V h ) is stable, ï.e. it satisfies the Babuska-Brezzi condition with an apropnate choice of norms, e g. the mesh dependent ones introduced in [16] , Hence, the pair (H A , V h ) is also stable with respect to the same norms and as a conséquence one can perform an error analysis as in [16 For a convex région fl we have 
H^-nHlo-j c^|q|2 for k=l (212)
If we in addition have f e V h9 then the estimate (2.11) also holds for *= 1.
Proof All the above estimâtes except the last result are essentially denved in [2 S 4] .
Hence, let us prove that (2.11) is also valid for k = 1 when f e V h To this end, let (z, w ) G H X V be the solution to Now, let (z h , w h ) be the mixed finite element approximation to (2.13). By choosing v = u h -P h u, p = q -q^ in (2.13) we obtain in the usual manner
Now, the last two terms above vanish by virtue of (2.6) and the définition of z/j. Next, consider the term (div (q -q h ), w -P h w). Since we assume that div q = ƒ e V h9 we note that also this term vanishes. Using (2.14) and (2.8) we thus obtain \Wh-Ph «||o= (z-z A ,q-q A ) ^ II* -z A || 0 ||q -q*|| 0 which together with (2.8) proves the assertion.
• Remark 2A : For the lowest order method in the RTN family the assumption ƒ e V h yields the estimate The estimate one gets without this assumption is [1] Hence, by assuming ƒ e V h the maximal convergence rate is not improved, but the regularity requirement on the exact solution is relaxed. • Remark 2.2 : The assumption ƒ G V h does not seem to be a severe restriction since in practice we often have ƒ = 0. Also, if ƒ £ V h it is often possible to find a vector field q 0 such that div q 0 = ƒ. Then one can use the mixed method to approximate q -q 0 .
• Remark 2.3 : In the case when one can neither assume that ƒ G Vh nor find a field q 0 with div q 0 = ƒ, the lowest order method can be modified with the technique elaborated in [16] In this section we will introducé and analyze a postprocessing scheme for the HHJ family for approximating the biharmonic équation.
In the présentation we will have the application to the plate bending problem in mind (for an account of the application of the method for the Stokes and Navier-Stokes équations we refer to [9] ). Hence we consider the problem
* = ^ =0 on I\

ÔV
Here i|i dénotes the deflection of a thin plate due to the transverse loading g, D dénotes the bending stiffness of the plate : For simplicity we will assume that the boundary F is polygonal and that the plate is clamped along F.
If g e H 2 (Ù) then there is a unique solution i| > e HQ (Ü,) to (3.1). It is also well known that the regularity of the solution i)i dépends on the singularities arising at the corners of Ci. For instance, if all interior angles of H are less or equal to TT, Le. if fi is convex, then we have imiî^HfliL,, (3.2) provided that g e H~ l (Cl), In the sequel we will assume that fi is convex so that this estimate is valid. For the estimâtes for the lowest order method we in addition have to assume that g e Z, (f2). In the HHJ method one does not directly approximate (3.1). Instead (3.1) is written as the System x. dx. The variational formulation of (3.3), upon which the finite element method is based, can be stated in different ways ; cf. [3, 8] , They ail, however, lead to the same discretization and hence we will turn directly to that. For the index k, k^l, and for a regular triangular paritioning 1S A , the finite element spaces are defîned through For the error analysis of the method we refer directly to the papers [3] and [8] .
The analysis of [3, 8] relies on two special interpolation operators
For the analysis of our postprocessing scheme we will need the properties of X h and therefore we recall its définition. For t|/ E H 2 (ft) given, % h ty is defined through Since only the component M v (y) is assumed to be continuous along interelement boundaries, t>y| 8r is here defmed as the limit of v (J when approaching 37" from the interior of T.
Note that the définition of the norm ||. || 0 h is now slightly different from that given in [3] . However, one easily checks that the following estimâtes still hold. For some of the estimâtes for the lowest order method we now need the assumption g e L 2 (Q). For the analysis of our postprocessing method we will need an additional estimate which can be derived by adapting the arguments given in [3] and using the property (3. In [1] it is shown that the lowest order method in the HHJ family can be implemented as a slight modification of Morleys nonconforming method. It was also shown that the approximation for the deflection so obtain converges with the same order as our postprocessed approximation. Hence, at least in applications to the plate bending problem, the lowest order HHJ method is most effîciently impîemented as suggested in [1] , •
